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Abstract
The paper discusses the problem of the initial state of a quantum inflationary Universe. Considering the dynamics of the inflation
scalar field at the beginning of the inflation stage in the context of semi-classical approximation, we have identified this field with a
cosmic time parameter. The early Universe state was defined as an initial value of the inflation field. Other degrees of the Universe
freedom, including the scale factor, are treated within the framework of the quantum theory. The initial state of quantum degrees
of freedom at the beginning of the inflation must be defined as well. A principle of the least excitation of physical degrees of
freedom for the Universe has been proposed to determine the initial state of the quantum Universe. A uniform anisotropic model
of the Universe was considered where its size and the anisotropic parameters were quantum dynamical variables. Assuming that
the Universe size is a radial variable in the configuration space of the theory, the definition of the Hamiltonian of the Universe is
rendered more precise. A simple exponential form of the initial state of the Universe is suggested and the Universe initial size is
estimated for this form.
Copyright © 2015, St. Petersburg Polytechnic University. Production and hosting by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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The Universe is currently understood to have been
born from a geometrical point, i.e., essentially, from
‘nothing’, and consequently expanded enormously. This
concept comes from classical relativistic cosmology
based on Einstein’s general relativity (GR) as the conse-
quence of Friedman’s solution of the theory’s equations.
This solution is problematic for the classical theory be-
cause the matter density at the initial point is infinite.
The Friedman model of the Universe is singular. Often
this singularity is compared to that which arises in the∗ Corresponding author.
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(Peer review under responsibility of St. Petersburg Polytechnic University).Rutherford planetary atomic model where an electron
moving on a cyclic orbit around the nucleus loses the
energy and inevitably falls on it. There the electron en-
ergy becomes minus infinite.
It is well known that this singularity of the clas-
sical planetary model is resolved by quantum theory.
Currently quantum theory seems equally promising in
settling the problem of cosmological singularity. Al-
though there is as yet no complete definition of the
quantum version of GR, i.e. quantum cosmology, con-
vincing scenarios for the evolution of the early Universe
have been proposed. A number of theories discuss a
quantum epoch in the emergence of the Universe from
‘nothing’, e.g., in the form of Vilenkin quantum tunnel-
ing [1], or of a similarly-defined Hartle–Hawking no-
boundary wave function of the Universe [2].ion and hosting by Elsevier B.V. This is an open access article under
0/).
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VIn the latter, the quantum epoch exists as a limi-
tation on the semi-classical approximation of the no-
boundary wave function in its continuation backward in
time [3,4]. However, both theories predict a probability
of initial values for a cosmic scalar field φ which “op-
erates” the following expansion of the Universe. For a
scalar field with a potential V (φ) the probability pre-
dicted, for instance, by the Vilenkin tunneling mecha-
nism [5] is equal to
P (φ) = exp
(
− 3
8 h¯G2V (φ0)
)
, (1)
where G is the Newton gravitational constant. The ra-
dius of the Universe “upon tunnel exit” equals
a0 (φ0) =
√
3
4πGV (φ0)
∼= 12
1√
GV (φ0)
. (2)
The following stage of evolution is an exponential
expansion of the Universe with the scalar field slow-
rolling to its minimal value φ = 0. This expansion is
described by different inflation scenarios (see, for ex-
ample, Linde [6]), where the initial radius of the Uni-
verse is taken to equal not its “tunneling” value (2) but
the Planck radius a0 = lPl . Still, the initial size of the
Universe is not particularly important for its final state
after its exponential expansion.
There is, however, a practical interest in calculat-
ing the quantum fluctuations of the inflaton scalar field
which are assumed to be responsible for the inhomo-
geneities observed in the large-scale structure of the
Universe. In any case, a quantum formulation of the in-
flationary phase of the evolution of the Universe seems
necessary, especially at its early stage, when the infla-
ton scalar field φ is large and the radius of the Universe
is small. Here we are faced with the fundamental prob-
lem of quantum cosmology, the absence of a time pa-
rameter and the impossibility of altogether formulating
the quantum dynamics of the Universe [7]. The term
“frozen dynamics” has been proposed to describe this
specific case [8]. To “re-freeze” the dynamics, either a
modification of quantum GR, or any physically moti-
vated approximation that introduces a cosmic time pa-
rameter, is necessary.
Hosoya [9] proposed that the cosmic time during the
inflationary phase in slow-roll of the inflaton scalar field
φ with the potential
(φ) = μφ
4
4
.
could be the inflaton field itself (or, to be precise, its
logarithm, t ∼ ln(φ/φ0), where φ0 is the initial value of
the field).In this regime, the master wave equation of quantum
cosmology, or the Wheeler–DeWitt (WdW) equation
[7,8], takes (in a homogeneous model of the Universe)
the form of a Schrödinger equation with the specified
cosmic time parameter. In this approximation the radius
of the Universe a is a quantum dynamical variable de-
scribed by the wave function ψ(t, a).
At this point the initial state of the Universe at t =
0 (φ = φ0) must be determined. Ref. [9] regards the
whole real axis (with negative values included) as the
domain of definition of the scale variable a. The order-
ing of non-commuting operators in the WdW equation
was chosen accordingly, and a Gaussian wave packet
was taken as an initial state of the Universe. Before we
can move on from discussing the quantum epoch in the
birth of the Universe to the inflationary phase of its ex-
ponential expansion, we feel it is necessary to refine our
definition of the initial state of the Universe.
First of all, let us limit the domain of definition of the
scale factor: a ∈ [0,∞), assuming it to be a radial vari-
able in the geometry sector of the configuration space of
the Universe. The operator ordering in the WdW equa-
tion and the corresponding measure of integration in the
configuration space must be selected accordingly. In this
selection, we shall keep in mind the hyperbolic structure
of the WdW equation for a more general anisotropic
model of the Universe (“the mixmaster model”) [8]. Let
us define the initial state of the Universe in the present
work as a state of minimal excitation of all physical de-
grees of freedom, including the anisotropy parameters.
For this purpose let us use the principle of minimum
energy for these excitations.
A generalization of the notion of energy in GR made
by Witten as a positive definite functional for the case of
an island mass distribution with the asymptotically flat
space-time geometry [10,11] was discussed for the case
of the closed Universe in [12].
For a maximally simplified homogeneous isotropic
model of the Universe with none of the degrees of free-
dom but the inflaton scalar field taken into account in the
present work, the minimum energy principle is reduced
to that of its initial volume. Taking the mean values of
the GR quantum constraint equations as additional con-
ditions, we obtain the conditional principle for the initial
state of the Universe.
2. Canonical quantization of a homogeneous
anisotropic model of the Universe
Let us begin with a homogeneous anisotropic model
of the Universe (“the mixmaster model” [8]), in which
the 3D metrics of a spatial slice is parameterized as
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dl2 = a2eβk(σ k)2, (3)
where
σ 1 = cos ψdθ + sin ψ sin θdϕ,
σ 2 = sin ψdθ − cos ψ sin θdϕ,
σ 3 = dψ + cos θdϕ, (4)
are the dual 1-forms of the rotation group SO (3);
β1 = β+ +
√
3β−,
β2 = β+ −
√
3β−,
β3 = −2β+. (5)
Therefore, the spatial 3D geometry of the Universe
in the specified system of spherical coordinates with
the angular variables (ψ, θ, ϕ) is described by two in-
dependent dynamical variables (β+, β−), which is pre-
cisely as much independent degrees of freedom per spa-
tial point as there is in the general case [8].
The only remaining Hamiltonian constraint H
(super-Hamiltonian) in this model defining its dynam-
ics has the form:
H = Ha − Hβφ, (6)
2Ha ≡ gp
2
a
a
+ a
g
, (7)
2Hβφ ≡
p2+ + p2−
a3
+ aV (β+, β−) + 2a3V (φ). (8)
The second contribution to the Hamiltonian (6) given
by (8) corresponds to the physical degrees of freedom
of the model (the anisotropy parameters). We added to
it the potential energy of the inflaton field as well. The
potential energy of the anisotropy V (β+, β−) has a com-
plicated form [8], but for determining the initial state of
the Universe, a harmonic approximation is sufficient:
(β+, β−) ∼= 8
(
β2+ + β2−
)
. (9)
Canonical quantization of the model is reduced to re-
placing the canonical momenta in (7) and (8) by the cor-
responding differential operators:
pa → h¯i
∂
∂a
, p± → h¯i
∂
∂β±
. (10)
The problem of operator ordering is that in the ex-
pression (7) it may be done in different ways. To settle
on a specific way of ordering, we should implement the
idea that the scale factor a is a radial variable in the con-
figuration space of the model qi ≡ (a, β+, β−) which
is equipped by a metrical structure determined by thequadratic form of the canonical momenta in the super-
Hamiltonian (6)
Gi j pi p j ≡ 1
a
p2a −
1
a3
p2+ −
1
a3
p2−. (11)
Therefore, the covariant components of the DeWitt
metrics in the configuration space form the diagonal
matrix
Gi j =
⎛
⎜⎝
a 0 0
0 a3 0
0 0 a3
⎞
⎟⎠. (12)
After quantization, the Laplace-Beltrami operator
1√
G
∂
∂qi
√
GGi j
∂
∂q j
, (13)
where G ≡ det Gi j, replaces the quadratic form of the
momenta (11).
In this case, the “kinetic energy” operator has the
form
−a−7/2 ∂
∂a
a5/2
∂
∂a
+ 1
a3
(
∂
∂β2+
+ ∂
∂β2−
)
. (14)
The first term in (14) is a “radial” part of the kinetic
energy of the Universe similar to the radial part of the ki-
netic energy of an electron in quantum mechanics [13]:
1
r2
∂
∂r
r2
∂
∂r
. (15)
The measure of integration in the configuration space
of the model is
a7/2dadβ+dβ−. (16)
3. Initial state of minimal excitation of the Universe
If we accept the semi-classical approximation for the
inflation stage of the evolution of the Universe [9] in
which the role of a cosmic time parameter is played by
the inflaton scalar field φ, next we will have to deter-
mine the initial state of the Universe corresponding to
the initial value φ0 of the field. In Ref. [9] the part of
the kinetic energy operator corresponding to the scale
factor a is determined as follows:
1√
a
∂
∂a
1√
a
∂
∂a
, (17)
and a new variable x = a3/2, x ∈ (−∞,+∞) is intro-
duced in place of the scale factor. Then, a Gaussian
wave packet centered in x = 0 (a = 0) is taken for the
initial state of the Universe. Excitations of all other
physical degrees of freedom (here, the parameters of
anisotropy β±), excluding the scale factor a, are not
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natural for quantum mechanics but it is rather arbitrary.
In the present work, we shall adhere to the traditional
interpretation of the scale factor a as radial variable in
the geometry sector of the configuration space with the
corresponding operator ordering, and determine the ini-
tial state of the Universe by the principle of its minimum
excitation. Such an initial state of the Universe may be
called its basic, or vacuum state.
In the case of a closed Universe, the dynamical struc-
ture of GR has a measure of excitation of its physical
degrees of freedom similar to the positive definite en-
ergy [10] in an asymptotically flat space-time geome-
try. Such a measure is a minimal eigenvalue of a 3D
Dirac operator defined on a spatial slice of the Universe
[12]. In the case of a homogeneous anisotropic Universe
considered in the present work, the square of the min-
imal eigenvalue is equal to the positive part Ha of the
super-Hamiltonian H. After quantization, this quantity
becomes a positive definite operator


Ha ≡ 12
[
− h¯2ga−7/2 ∂
∂a
a5/2
∂
∂a
+ a
g
]
. (18)
In analogy with the ground state of an electron in
quantum mechanics determined by the minimum con-
dition of its mean energy, let us define the initial state of
minimal excitation of the Universe by the condition of
the minimum mean value of the operator (18) on a space
of wave functions ψ(a, β+, β−). This initial state will
indeed correspond to the minimal excitation of physical
degrees of freedom β±, if an additional constraint con-
dition (the classical GR super-Hamiltonian equals zero,
i.e. H = 0) is taken into account. In the quantum theory
of the initial state of the Universe proposed here, the
mean value of the super-Hamiltonian operator equals
zero. Therefore, we come to the initial state of the Uni-
verse as determined by the conditional extremal princi-
ple with the functional
〈ψ | 
Ha |ψ〉
〈ψ | |ψ〉 + λ 〈ψ | (


Ha −


Hβφ ) |ψ〉, (19)
where λ is an indefinite Lagrange multiplier.
Let us further simplify the model by excluding the
anisotropy physical degrees of freedom β±. Then, ac-
cording to (8), the initial state we are looking for will
be a state of the minimal volume of the Universe. Let us
estimate the minimal volume taking for the initial state
a simple exponential function
ψ0 (a) = e−
√
μa, (20)
with the only variation parameter μ = a−10 , where a0 is
the required minimal radius.In order to determine the only parameter μ in this
case, it is sufficient to solve the weak constraint equation
〈ψ0|
(


Ha −


Hβφ
)
|ψ0〉 = 0. (21)
The function (20) is selected so that all integrals that
arise in Eq. (21) may be calculated precisely. For in-
stance, a mean value of the volume of the Universe in
this state equals
〈a3〉 =
∞∫
0
a3e−2
√
μaa7/2da = 2 · 14!
μ15/2215
, (22)
and Eq. (21) is reduced to the power equation for μ
〈a3〉 =
∞∫
0
a3e−2
√
μaa7/2da = 2 · 14!
μ15/2215
. (23)
A solution of Eq. (23) may be found approximately,
assuming that a0 >> lpl . In that case the first term in
(23) may be neglected and we obtain
a0 ∼= 140
1√
GV (φ0)
. (24)
Comparing the result with (2), we conclude that the
initial radius of the Universe in the proposed model of
the Universe is about 20 times less than the “tunneling”
Vilenkin radius.
The testing function of the initial state (20), as well
as the initial radius of the Universe (24) are approximate
solutions of the variation problem (19). The energy of
zero vibrations of the matter fields and the anisotropy
parameters were omitted for this initial state.
4. Conclusions
In conclusion, if we accept the inflation scenario of
the evolution of the Universe which begins with its mi-
croscopic size corresponding to larger initial values of
the inflaton scalar field, the latter may be considered
as a cosmic time parameter in the ensuing quantum dy-
namics of the Universe. The geometric size of the Uni-
verse in this dynamics is a quantum variable which is
described by the Schrödinger wave equation. The struc-
ture of this equation has been more accurately defined
from the assumption that the scale factor of the Uni-
verse is a radial variable in the configuration space of the
theory.
A variational principle of minimum excitation of the
physical degrees of freedom for the determination of
the initial state of the Universe has been formulated. The
variation theory of the initial state is based on the con-
cept of the energy of a closed Universe that is similar
N.N. Gorobey, A.S. Lukyanenko / St. Petersburg Polytechnical University Journal: Physics and Mathematics 1 (2015) 207–211 211to the Witten definition of energy for an island Universe
with an asymptotically flat space-time geometry.
An estimation of the initial radius of the Universe
for the simplest homogeneous model of the Universe
has been obtained with neglect of the energy of zero
excitations of the physical degrees of freedom.
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